The evolution of a one-dimensional Ising model with Glauber dynamics and an extrinsic energy barrier, submitted to continuous cooling and heating processes, is studied. The model is shown to exhibit many of the properties observed in real glasses. Under slow cooling, the dependence of the residual energy on the cooling law and rate is analyzed. The width of the glass transition is proportional to the inverse of the logarithm of the cooling rate. Heating processes can be studied in terms of a special solution of the master equation. Using the properties of this normal solution, the origin of the hysteresis effects when the system is cooled and reheated is discussed. The heat capacity under continuous heating presents a maximum, whose position and height can be used to characterize the thermal cycle described by the system.
I. INTRODUCTION
The study of the dynamical behavior of glasses has attracted a lot of activity in the last years. In particular, several microscopic models showing similarity with real glasses have been proposed. Some of them have been reviewed by Fredrickson and also by Scherer.
The most studied features have been the shape of the linear response function and the temperature dependence of the linear relaxation time, on the one hand, and the behavior of the system under continuous cooling, on the other. For the response function, a stretched exponential of Kohlrausch-Williams-Watts (KWW) decay has been derived in many different ways. Besides, the models often display behaviors analogous to a glass transition, with a far from equilibrium state being frozen in, if the system is continuously cooled up to low enough temperatures. This is associated with a fast increase of the internal relaxation times as the temperature is lowered. In some models, a divergent relaxation time comes up when the temperature goes to zero, because the system requires an activation energy to relax. In others, the increase of the relaxation time is due to the introduction of some kind of cooperativity upon formulating the kinetics of the system.
Nevertheless, the phenomenology of glassy relaxation is very rich, ' showing a series of features that must be understood, if we want to progress in our knowledge of the mechanisms responsible for the complex dynamical behavior of glasses. One of the objectives here is to take an step in this direction by studying, in addition to cooling processes, heating processes and also the combination of both of them in a simple model.
The model we will consider is a one-dimensional Ising model under Glauber dynamics with an extrinsic energy barrier. The linear response function in energy to a homogeneous temperature perturbation has been studied previously, and shows a transition from being dominated by an exponential decay at high temperatures to an approximate KWW behavior at low temperatures. Moreover, Schilling has carried out an analysis of the cooling rate dependence of the residual energy. For systems described by master equations, and such that the only effect of the temperature variation of the heat bath is to introduce time-dependent transition rates, we have proved, under quite general conditions, the existence of a special kind of solutions, which we have called "normal solutions. " They depend on the law of variation of the temperature and have the property that all the solutions of the master equation, for a given timedependent temperature program, tend to approach the corresponding normal solution.
Here we will show the relevance of the normal solution to explain the behavior of the system when it is submitted to a continuous heating process. It is precisely the tendency of the system to approach the normal curve which implies, for instance, that the energy of the system presents the hysteresis effects which are so characteristic of glassy behavior. Also, the structure of the normal solution determines the inHuence that the cooling and reheating rates have on the height of the peak exhibited by the heat capacity during a thermal cycle.
In this paper, an effort will be made to remark on the generality of the results at a qualitative level, in the sense that a similar behavior is expected for a great variety of systems. Physical arguments, easily adaptable to other systems, will be presented to explain what is observed in our numerical calculations. From this point of view, it is our opinion that almost any sensible model will show at low temperatures many of the dynamical properties that are usually considered as key characteristics of glassy behavior. In other words, very different microscopic mechanisms are able to explain, at least, the basic features of the phenomenology of glassy relaxation. Thus, the question should be whether glassy relaxation means something else other than the nonequilibrium behavior observed in any system when it falls out of ther- Kob and Schilling ' in their analysis of a chain of particles with anharmonic and competing interactions. Another possibility is that the Ising model is actually representing a magnetic system, and 6 is the energy needed to turn the spin 180, arising from the anisotropy energy that inhibits the spin from pointing out in any direction other than the considered one.
In our study, we will restrict ourselves to homogeneous situations, and the quantity we will focus on is the aver- i.e. , the probability p(o, t) satisfies the master equation The above results show the important role played by the cooling law in determining, Grst, if there is a residual energy and, second, the cooling rate dependence of the residual energy in those cases where it is different from zero. In this context, we want to remark that the simple picture that the system freezes when the rate of cooling equals some average transition rate does not lead to the correct qualitative behavior, because it does not take into account the specific law that is being used to cool the system. A similar, but not equivalent, argument to the one used here has been discussed by Cornell et 
IV. THE LABORATORY GLASS TRANSITION
The reasoning in the previous section can be refined in order to get more detailed information about the way in which the system departs from equilibrium, and eventually becomes &ozen, when it is being continuously cooled. Given the similarity that this kinetic &eezing out process presents with the glass transition, we will refer to it as a laboratory glass transition. The cooling process is described again by Eq. (3.2) and, therefore, the evolution of the energy will be given by Eq. (2.31), which we write in compact notation as
In an analogous way, the system will be fully frozen for qD --z, i.e. , at a temperature T2, Thus, three difFerent regimes can be distinguished in the time evolution of the energy under continuous heating. In the initial regime, e(T) depends strongly on the initial conditions and all the contributions in Eq. (5.6) are relevant. The influence of the initial conditions gradually decreases and the system approaches a regime where the energy is completely determined by the heating process. This regime is described by the term eN(T), which is smaller than the equilibrium energy el l (T). We will refer to eiv(T) as the normal energy for the given heating process. Finally, if the heating is not too fast, eiv(T) tends asymptotically to the equilibrium curve erol(T). The existence of a normal energy curve follows from the fact that there is a normal solution for the master equation. This is not a peculiarity of the model we are dealing with, but it has been proved for a quite general kind of systems described by master equations with time-dependent transition rates.
By putting together the cooling and heating processes, we arrive to the following description of the evolution of the energy. In the cooling process, the energy of the system becomes larger than the equilibrium one, and it gets eventually frozen. When the system is reheated, the energy tends to approach the normal curve. This requires the crossing of the equilibrium curve, because it lies above the normal one. In conclusion, the energy describes a cycle of hysteresis, similarly to what happens in real glasses. In Fig. 3 i.e. , the apparent specific heat at T = 0 K is negative.
Besides, from Eq. (6.10) it follows that Since Eq. (6.18) implies that the integrand is negative at Tp, it follows that there must be a temperature region where c'(T) ) c(T). On the other hand, c'(T) c (T) for T~oo, and the conclusion is that continuity of c' (T) -c(T) requires that it presents a maximum at a temperature greater than Tp.
The difference c' (T) c(T) is bou-nded by c~(T) -c(T) for all T and, consequently, the maximum of the relative apparent specific heat will be bounded by its value along the normal curve. For r,~0, the curves e(T) and e~ (T) tend to coincide, and the maximum of the relative spe- Let us come back to Eq. (6.10). For a fixed value of r/" the term c"'(T) will be more important the greater the value of r, is. Using Eqs. (6.9) and (6.10), one concludes that the width of the initial heating region presenting a negative apparent specific heat will increase with the value of r, . Conversely, for 6xed r" the relevance of the negative speci6c heat region increases as rI, decreases.
The apparent speci6c heat measured when heating the system in the same way after two diferent cooling processes is shown in Fig. 6 . In all the processes the law was the one in Eq. (4.8). The cooling rate p, was 5 x 10 and 5 x 10 4 in each of the cases, while pg --10 2 in both of them. It is seen that, in accordance with the above discussion, the largest value of r, produces the most pronounced negative region and the shortest maximum. Fig. 5 , but now the actual values of the specific heat (without subtracting the equilibrium value) are shown. The solid line is the true specific heat.
In Fig. 7 de- termined by the law of variation of the temperature. It is the normal solution that essentially fixes the behavior of the system during heating. In the limit of high temperatures, and for not too fast heating processes, the normal curve approaches the equilibrium one. The hysteresis effects when the system is cooled and reheated, and also the overshoot of the apparent heat capacity above the equilibrium value in the reheating process, follow from the fact that the equilibrium energy at every temperature is larger than the energy of the normal solution at the same temperature. Another interesting result is the presence of a low temperature region where the system shows a negative apparent heat capacity in the heating process.
The properties of the normal solution permit one to analyze the influence of the cooling and heating rates on the maximum of the heat capacity, and to compare the effects of different cooling and heating laws. In fact, for a given experiment, the normal solution contains the information that is independent from the initial conditions.
All the behaviors we have found in our model are strikingly analogous to the phenomenology of real glasses. Given the generality of the arguments we have used, the same is expected to happen for a wide class of models, mainly for those described by means of master equations. This clearly opens the possibility of being able to derive general laws starting from first principles. In particular, the introduction of the normal solution for heating processes represents a step forward in this direction.
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APPENDIX
Here we sketch the derivation of Eq. (2.11). Consider the eigenvalue problem (we use matrix notation) (A1) a(q, t) = ) C"(t) -C( ) (T) P"(q) . 
